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Abstract 

We prove that Gevrey regularity is propagated by the Boltzmann equation with Max- 
wellian molecules, with or without angular cut-off. The proof relies on the Wild expansion 
of the solution to the equation and on the characterization of Gevrey regularity by the 
Fourier transform. 



1 Introduction 

This paper deals with a propagation property for the solution of the following Cauchy problem 
for the spatially homogenous Boltzmann equation for Maxwellian molecules 

{d t f(v,t) = Q(fJ)(v,t) 
\f(v,0)=f (v). 

Here, f(v,t) : K 3 x M + — >R is the probability density of a gas which depends only on the 
velocity v S M 3 at the time t > and Q is the quadratic Boltzmann collision operator in the 
case of Maxwellian molecules: 

Q(f,f)(v,t)= [ [ (/(«*, t)/(w»,t) - f(v,t)f(w,t))b(^^r ■ n \ dndw. (1) 
J we m.3j neS 2 \\v-w\ ) 
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Due to the physical assumptions that the gas evolves through binary, elastic collisions which 
are localized both in space and time, the relations between the velocities (f* , u>* ) of two 
particles before the collision and (v, w) after it are the following : 

( v + w \v — w\ 
v + w \v — w\ 

w * = — — n ' 

where n is a vector in S 2 , the unit sphere in M 3 , and parametrizes all the possible pre-collisional 
velocities. 

The collision kernel b, which is supposed to be nonnegative, is the function which selects 
in which way the pre-collisional velocities contribute to produce particles with velocity v after 
the collision and is supposed (this is precisely the assumption of Maxwellian molecules) to 
depend only on the cosine of the deviation angle 6, namely 

v - w 
cos o = r • n. 

\v — w\ 

Finally, we will make the so-called non cut-off assumption, which means that b ^ Lj oc (] — 1, 1[) 
and, more precisely, we shall consider 

6(cos 0) - , -> 0. 

(1 - cos 0)4 

From a physical point of view, that means that the gas molecules repel each other with a 
force proportional to the fifth power of their distance and a great contribution to the integral 
collision term is given by the grazing collisions {6 ~ 0). The assumption that the collision 
kernel b is instead integrable on ] — 1, 1[ is called a cut-off assumption. For more information 
about Boltzmann equation and its physical meaning, the reader can consult for instance the 
review article by Villani |Vil02j . 

Due to the singularity of the collision kernel at the origin, the integral term ([1]) is not 
meaningful if / is not smooth and so it is convenient to consider the weak form of the Boltz- 
mann equation: for tp £ 



d t f(v,t)(p(v)dv 
Q(fJ)(v,t)<p(v)dv 

(v — w \ 
r • n ) d?i dw dv, 
\v-w\ ) 

or even, with another point of simplification, in the Fourier variable, 

dtf(Z,t) = j^ s2 (f(t,t)f(C,t) - /(&t)/(0,t)) b f || • nj dn = QVJ)(t,t), (2) 

as was firstly done by Bobylev (see for instance |Bob88j ). Here we have used the standard 
notations 

h- e . lei >_ e lei 

e = 2 + T n ' e = 2"T n - 
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The first results about the non cut-off case for the weak equation go back to Arkeryd |Ark81| . 
in a more general setting. In [PT96j . A. Pulvirenti and Toscani reformulated the existence 
theory starting from the equation in the Fourier variable both for the cut-off and non cut-off 
cases. We briefly recall their method and their result, because they will be useful in the 
following. The classical approach is to find a solution of equation ([2]) through a limiting 
process on the solutions of a sequence of cut-off approximating problems in the following 
way. Let us consider the following sequence of bounded functions obtained by cutting out the 
singularity of b at the origin 

bi = mm(b,l), I £ N, (3) 



and let 



Then, define 



so that 



/ 5 <( 

JnGS 2 V 



1 



• n I dn. 



01 



h 



(4) 
(5) 



01 (777 • n 
nes 2 Vl?l 



and then consider the sequence of Cauchy problems 



(<M£ + , r )<M£ > r ) - <Pl(£,r)(pi(0,T)) 0i ( t|t • n ) dn, 
nes 2 Vlsl / (6) 

^iK.O)=/o(0- 

A. Pulvirenti and Toscani proved first the existence and uniqueness of a solution ipi of the 
Cauchy problems ([6]). Then, letting 

they proved the convergence in a suitable setting of a subsequence of fi to a solution of the 
Cauchy problem for the non cut-off equation. More precisely, the result is as follows : 



Theorem 1 (A. Pulvirenti, Toscani [PT96J) 

We consider an initial datum /o > satisfying the following assumptions: 



( f (v)dv = l, ( f (v)vidv = 0, i = 1,2,3, ( f (v)\ 

fo(v)\\ogf {v)\dv < 00, 



v\ dv = 3, 



and the following Cauchy problem: 

dtf(t,t)= J^ s2 (ht,t)ttC,t)-fti,t)f\0,t))b^-n^ dn, t>0, 
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where b is a nonnegative function of L\ oc {[— 1, 1[) satisfying 6(cos(9) = O I 5- I , # — > 0. 

V (1— cos 9)~Z J 

Then, there exists a nonnegative solution f G C 1 ([0, +00), L 1 (R 3 )) to eg. satisfying for 
allt>0 : 

[ f(v,t)dv = l, [ f(v,t)vidv = 0, 1 = 1,2,3, / /(u,t)M 2 dt; = 3, 

/ /(v,t)|log/(t; ) t)|dv<cx3. 

Moreover, for allt > 0, the Fourier transform f(-,t) of the solution is obtained as the (uniform 
on compact sets) limit of a subsequence of the functions <pi(',b*t) G C 1 ([0, +00), Cfe(M 3 )) , 
solutions of the cut-off Cauchy problems Q, which have the following explicit representation 
(called Wild's expansion): 

00 

W«,r)=e- T X;yf fc) (0(1-0*, 

fe=0 

W ( °'({)=/o({), 

^ + "(o^E/ ie ^F»(? + ),r"(r)ft(|.») an. 

In [TV99| . Toscani and Villani proved that under the hypotheses of Theorem [TJ the solution 
for the non cut-off equation is indeed unique, whereas the uniqueness of the solution for the 
cut-off problem (jSJ) was already known. 

The question whether an extra property satisfied by the initial datum /o propagates along 
the solution has been already addressed concerning Sobolev or Lebesgue regularity. In jDM05j 
Desvillettes and Mouhot proved the uniform propagation of LP moments for both the cut- 
off and non cut-off equations (Cf. also |Gus86j . |Gus88j . |MV04| for earlier works on the 
propagation of LP regularity). In |CGT99j . Carlen, Gabetta and Toscani proved for the cut- 
off equation that also all the H s Sobolev norms remain uniformely bounded if they exist 
initially (Cf. also |MV04j for related results in the case of hard potentials and hard spheres). 
When the non cut-off equation is considered, the same is true, and moreover the H s norms 
are immediately created (Cf. |Des95t lDes03| ). In |Uka84j . Ukai proved for both the cut-off 
and non cut-off equations that a regularity property of Gevrey type satisfied by the initial 
datum keeps on being satisfied at least for a finite time by the solution. We shall come back 
to this result later. 

Note finally that many papers address the important question of the propagation of the 
behavior of the solution with respect to large v (that is, propagation of moments, evolution 
of Maxwellian tales, etc.). We do not investigate in this direction in this work. 

This paper is devoted to the discussion of the following question: if the initial datum /o 
satisfies the upper bound 

|/o(OI < K x e- K ^\\ i G M 3 , K x > 1, K 2 > 0, s > 0, 
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does the solution (of the cut-off or non cut-off Boltzmann equation with Maxwellian molecules) 
keep on satisfying the same property? The answer is positive, provided that s g]0, 2] and we 
allow the constants K\,Ki to be different from those of the initial datum. 
More precisely, the result we are going to prove is the following: 

Theorem 2 

Let /o he a nonnegative function satisfying 

fo(v)dv = l, [ f (v)vidv = 0, i = 1,2,3, ( f (v)\v\ 2 dv = 3, 

Jr 3 

fo(v)\\ogf {v)\dv < oo. 



If /o is such that 

sup |/o(£)|e^ (l5|2) < K u 



for some K\ > 1, K2 > 0, and for some concave function ip : [0,+oo) — > [0,+oo), such 
that ip(0) = 0, if)(r) < r for r large enough and i^(r) — > +00 for r — > +00, then there exist 
Ro > 0, K > such that the unique solution of the Cauchy problem ([7]) with /o as initial 
datum satisfies 

sup |/(£,t)|e* le|a <l, *>0, 

l5l<«o 

sup |/(e,t)|e x ^l 2 ) < 1, t>0. 
\£\>Ro 



Denoting by ^^(IR ) the space of Gevrey functions and by Gq(R ) the space of Gevrey func- 
tions with compact support (we shall recall in Section 4 their definition) , we are able to deduce 
from the previous result the propagation along the solution of a Gevrey-type regularity satis- 
fied by the initial datum. 

Corollary 3 

Let fo be a nonnegative function satisfying 

( / («)d« = l, ( f (v)v l dv = 0, i = 1,2,3, ( f (v)\v\ 2 dv = 3, 

(8) 

fo(v)\ log/ (w)| dv < 00. 



i) If v > 1 and fo G Gq(M 3 ), then the solution f(-,t) of the Cauchy problem (?p is in 
G l/ (R 3 ), uniformly for all t > 0. 



1 

-K2\£,\ " 



H) If v > 1, f G G^K 3 ) n 5'(M 3 ), and moreover satisfies sup^ GM 3 \fo(0\ - Ki e 

for K\ > 1, K2 > 0, then the solution f(-,t) of the Cauchy problem ([?]) is in G^(R 3 
uniformly for all t > 0. 

The plan of the paper is the following: 
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- in Section 2, we shall present the result in a simpler form and for the so-called Kac model 
(which is 1-dimensional and describes radially symmetric solutions of the Boltzmann 
equation) ; 

- in Section 3, we shall generalize the result both to Boltzmann equation and to more 
general bounds on the initial datum; 

- finally, in Section 4, we shall recall the main definitions of Gevrey functions, and we 
shall state the propagation result of a Gevrey-type regularity. 

Acknowledgements: The authors would like to thank G. Toscani for useful discussions 
about this problem. 

2 The Kac equation 

In this section, we present our result in the simpler case of the Kac equation. This equation, in 
its cut-off or non cut-off version, is obtained when one considers radially symmetric solutions 
of the homogenous Boltzmann equation for Maxwellian molecules. It reads: 

d t f(v,t)= f f (f(v*,t)f(w*,t) - f(v,t)f(w,t))b(9) dOdw = Q(f,f)(v,t). 

JweB. Joe[~% ,f] 

Here, f(v,t) : R x R + — >R is the probability density of a gas of one dimensional particles 
which depends only on the velocity v G R at the time t > 0, and which evolves through 
collisions which conserve energy but not momentum. The relations between the velocities 
, ) of two particles before the collision and (v,w) after it are the following 

5* = v cos 6 + w sin 0, 
= v sin 9 — w cos 9. 

We shall make the following non cut-off assumption on the collision kernel b: 

Actually, this kind of assumption for the Kac equation was introduced by Desvillettes in 
[Dcs95] whereas, in the original equation, b(0) is a strictly positive constant. In the same way 
as for the Boltzmann equation, it is useful to consider the Cauchy problem in the Fourier 
variable 

' dtf(S, t)= [ (/(£ cos 9, t)f(£ sin 9, t) - /(£, t)/(0, t)) b(9) d9 = <5(Z7)(?, t), 

^e[-f,f] v ' (9) 

k /(f,0) = /o(0. 
where the even initial datum fo > satisfies the assumptions: 

[ f (v)dv = l, [v 2 f (v)dv = 1, //o(v)|log/ (t;)|dt/<oo. (10) 
Jr Jm. Jm. 



6 



The Kac equation shares with the homogenous Boltzmann equation for Maxwellian molecules 
the existence and uniqueness theory for the solutions. By considering the sequence of cut-off 
approximating problems 

< ^€[-f,f] (11) 

[wK>o) = /o(0, 

where each /?/(#) is a bounded function defined as in ([3]), ([!]) and ([SJ, it is possible to prove 
that each Cauchy problem (llip has a unique solution (pi, which has the following explicit 
representation, called Wild's expansion: 

oo 

^(^r)=e-^^ ) (0(l-e-T, 

n.=0 

where 

i n r 

^(O = / rf^ sin*) A(9)dfl. 

Finally, letting 

kU) :=¥>i(f.&?<)> 

it is possible to establish the (uniform on compact sets) convergence of a subsequence of /; to 
a solution / of the Cauchy problem for the (non necessarily cut-off) equation ([9]). 

Let us suppose now that the initial datum /q satisfies the extra property: 
1/oCOl <*~ mS , CGK, K>0, se (0,2]. 
Thanks to the representation of the solution of the cut-off equation (|11|) in Wild's expansion, 
it is straightforward to prove that the solution itself satisfies the same upper bound. Indeed, 
by a direct computation, we have that \ip9~ (£)| < e~ K ^ s , since 

^ (1) (0e^l s = /e^l«l s -^l« cos9 l s -^l« sin9 l7o(^cose)e^l« cos9 l7o(esine)e^l« sine l s AWd0, 
Je 

and 1 — | cos#| s — | sin#| s < 0, for s G (0,2]. Hence by an immediate iteration argument, the 
same inequality holds for any cpi (£), and finally for the solution of the cut-off equation for 
any t > 0. Passing to the limit when I — > +oo in the estimate (fi(£, b^t) < e - ^'^, we see that 
the inequality also holds for the solution of the (non necessarily cut-off) equation ([9]). 

Due to the non-linearity of the collision operator, if we now consider the weaker assumption 

1/oCOI < K ie - K ^ s , £e R, K x > 1, # 2 > 0, s e (0,2], 

the same argument allows to prove that the solution of each cut-off equation (llip satisfies 
the same upper bound, but only for a finite interval of time. In this case, by letting I go to 
infinity, the interval of time where the estimate is true can reduce to nothing. 

In spite of this, we prove in this section that the condition |/o(£)l — Kie~ K2 ^ a propagates 
(though possibly with different constants K\ and Ki ) along the solution of the (non necessarily 
cut-off) Kac equation. 
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v 2 dv = 1. 



2.1 Some preliminary properties of initial data 

In this section we emphasize some useful properties satisfied by any even, nonnegative function 
g such that J R g(v) dv = 1 and J R v 2 g(v) dv = 1. 

Lemma 4 

Let g be a nonnegative, even function, satisfying 

/ g(v)dv = 1, / g(v) 

Then, there exist p > and iT > suc/i i/ia£ for all |£| < 

|ff(0l<e-^ 2 . 

Proof: We observe that under the hypotheses of the lemma, g is of class C 2 and satisfies 
the following property : g(0) = 1, g'(0) = 0, and g"(0) = — 1. Using a Taylor expansion of g 
at order 2, we obtain g(£) = 1 — |£ 2 + o(£ 2 ) when £ — > 0. Then, the estimate of the lemma 
holds for any K E]0, \[. □ 

Then, we prove the: 
Lemma 5 

Let g > such that f^g{v) dv = 1. Then, for all r > 0, i/iere exisi C r £ (0, |) and C r G (0, |) 
stic/i that 



J g(v) sin 2 d«>C r , |e|>r, 

J 9(v)ca#(?f \ dv>C r , |£|>r. 



Proof: We only prove the first inequality, since the second one can be proven in exactly the 
same way. 

Thanks to Lebesgue's dominated convergence theorem and thanks to the absolute conti- 
nuity of the measure v{E) := f E g(v)dv with respect to the Lebesgue measure, there exist 
R > and 5 > such that for all measurable set Acl such that \A\ < 5, we have 

/ g{v)dv>\. (12) 

Let £ € M be fixed. For \i s]0, 7r/2[, we define 

v^ 



It is clear that 



kir 
2 



|T , . ^ (\£\R \An „ (R 1 \ 



so that, when |£| > r we have < 4/i + ^). When p = ./r,\\ , we see thanks to (fT2 



that 

, > 1 
ffC^df; > -. 

IK* nB(o,R) z 



L 
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We can therefore conclude that 



f g(v) sin 2 ( ^ ) dv > f g(v) sin 2 ( ^ ) dv > sin 2 /x := C r . 

JR \ 1 J JK^ R nB{0,R) \ 1 J 1 

2.2 The propagation theorem 

We are now in position to state the theorem. 
Theorem 6 

Let fo be a nonnegative, even function, satisfying 

f {v)dv = l, f (v)v 2 dv = l, f (v)\logf {v)\dv <oo. 

JR JR JR 

We suppose that /o is such that 

snp\f (O\e K ^ s < K, 



□ 



for some K\ > 1, K% > 0, and < s < 2. Then there exist Rq > 0, K > such that the 
unique solution of the Cauchy problem ([9]) satisfies: 

sup |/(£,t)|e*Kl a <l, t>0, 

\e\<*> (13) 

sup \f(U)\e m '<l, t>0. 
\Z\>Ro 

We begin by proving the following proposition. 
Proposition 7 

Let g be a nonnegative, even function, satisfying 

g(v)dv = l, / g(v) v 2 dv = 1. 
Jr 

Let us suppose moreover that, for given s € (0, 2], K\ > 1 and K2 > 0, g satisfies the following 
bound: 

m)\ <K ie - K ^ a , ^el. 

Then, there exists 77 > such that for all R > n, there exists K > (depending on R) such 
that 

19(5,1 " l?l > a 
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Proof: We have already proven in Lemma 2] that < e for |£| < p, where K and 

p are suitably chosen. Now, let rj = ^ lo f^ 1 1 ° • For every i? > 77, we can find < K3 < K% 
such that 

Kl e- K *W <e- K *W, \£\>R, 

so that 

\g(0\ <e~ K ^\ \£\>R. 
It is now enough to find K4 > such that 

\g(£)\<e- K *M\ p<\Z\<R. 

Since g is an even function, we have 

r _ r ( e -*£v _|_ e i£v \ p 
9(0 = / 9{v)e * v dv= / g(v)[ dt; = / g(v) cos(£v) dv. 

JR JR V 1 J JR 

Then, g is real and \g(£)\ < 1 for all £ € M. Moreover 

1-5(6= / «/(«)(l-coB(^))d« = 2 / <7( V )sin 2 d«, 
5(0 + 1= I g(v)(l + CQB(£v))dv = 2 J g(v)cos 2 (^j dv. 

According to Lemma El we know that 

1 -£(£)> 2 C p , \Z\>p, 
5(£) + l>2C p , \t\>p. 

Therefore, 

\g(0\ < l-min(2C p ,2C p ), |£| > p. 
Now, there exists -^4 > such that 

1 -mm(2C p ,2C p ) < Q~ KiR \ 

which implies 

\g{i)\ < 1 - min(2C p , 2C p ) < e"^« 2 < e~ K ^ 2 , p < \£\ < R 
We can conclude letting K = min(iC, K3, K4). □ 

Proof of Theorem [6} the cut off case. Thanks to Proposition [TJ there exists 77 > such 
that for any Rq > 77, there exists a strictly positive K such that the initial datum /q satisfies 



2 



sup |/o(0|e K|51 <L 

fl< *° , , (14) 

sup |/o(0|e^ |S < 1. 
i\>Ro 
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(n) 

In order to prove the theorem for the cut-off case, it is enough to establish that any (p) in 
Wild's sums satisfies (I14p . Let us check that this is true for <p\ . Let us define 

\ff|{i*. iei>«). 

Condition (|14[) on the initial datum fo reads therefore 

sup|/ (O|e H(l5l) <l. 

Then 

< f e^l)-^ sine l)-^ cos V^^ 



L 2 ' 2 J 

< /" e H(\^\)-H(^ S m9\yH{^cose\)^^ dd _ 
^6[-f,f] 

Since f e /3i(9)d9 = 1 , we end the estimate by proving that ff(|£|)-.H"(|£ sin0|)-iT(|£ cos 0|) < 
for £ G R and £ [— 5, f ] if Rq > 1. Thanks to the symmetries of the function H with respect 
to 9, we can restrict ourselves to the interval [0, j]. Now, when |£| < i?o, we have 

H(\£\) - H(\£sm9\) - H{\£cos9\) = K\£\ 2 (l - (sin#) 2 - (cos9) 2 ) = 0. 

If |£| > R and |£sin0| > R , |C cos 6»| > R , then 

H(\£\) - #(|£sin0|) - F(|£cos0|) = K\£\ s (l - (sm9) s - (cos6) s ) < 

for < s < 2. Whenever |£| > i?o an d |£sin#| < i?o> |£cos0| < i?o we have 

H{\£\) - H{\tsm0\) - H(\Zco S 9\) = K - |£| 2 ((sin0) 2 + (cos0) 2 )) = K - |£| 2 ) . 

If we choose Rq > 1, we can conclude since |£| > i?o that 

ier-iei 2 <o. 

If now |£| > i?o and |£ sin0| < Rq, |£ cos#| > Ro, we have 

Fdei) - H(iesinfli) - F(i^cosei) = k der - i£i 2 (sm0) 2 - \a\ s (co S 9y) 

<K (|er-|C| s (sm0) 2 -|e| s (cos0) 2 ) =0. 
Note that since < 9 < 7r/4, there is no other case to treat. 

The non cut-off case. As we have recalled in the introduction of section 2, the solution of 
([9]) in the non cut-off case is obtained as the limit of a subsequence of the solutions of the 
Cauchy problems ([TT]), Since the estimate on v?z (£>■?") holds true (for any r > 0), the same is 
valid for fi(£,t) and hence for /(£,£). □ 

Remark: In Theorem El the hypothesis that /o is even could be replaced by the weaker 
hypothesis that J R fo(v) v dv = 0. Since the Kac equation comes from the Boltzmann equation 
when one considers radially symmetric solutions, it is however natural to study only even 
initial data. 
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3 Propagation for the Boltzmann equation 



We would like to extend to the solution of the Boltzmann equation ([2]) the results proven in 
the previous section for the solution of the Kac equation. Two kinds of extensions are in order: 
first, we have to pass from the one-dimensional to the three-dimensional setting; second we 
would like to state the result considering not only functions like e - '^", but also like e - ^^ ), 
where ip is a suitable concave function. We now begin by restating the lemmas of the previous 
section in three dimensions. We shall only indicate the major modifications in the proofs. 

Lemma 8 

Let g : R 3 — ► R be a nonnegative function satisfying 

g(v)dv = l, / g(v)v{dv = 0, i = 1,2,3, / g(v) \v | 2 dv = 3. 



Then there exist p > and K > such that for all |£| < p: 

\m\<e-^ 2 . 

Proof: We observe that the result of the lemma is not changed when g is replaced by g o R, 
where R is any rotation of R 3 . As a consequence, we can suppose that the symmetric matrix 
(J K 3 g(v) Vi Vj dv)j Jg { lj2i 3} is diagonal. Moreover, since g G L^R 3 ) and f veR 3 g(v) \v\ 2 dv = 3, 
we see that J„ eR 3 g(v) vf dv > for i = 1, 2, 3. 

Then, g({) = 1 - Y?j=i A j £f + o^— >o(|C| 2 ), with Xj > for j = 1, 2, 3, and we conclude like 
in Lemma |U □ 

Lemma 9 

Let g : R 3 — > R &e a nonnegative function satisfying J R3 g(y) dv = 1. Then, for all r > 0, 
f/iere exists C r G (0, swc/i i/iat /or aZZ (9 G R, 



^ sin 2 d^ > a, lei > r. 



Proof: The proof follows the same lines as that of Lemma Let £ G R 3 be fixed. We start 
by choosing in R 3 an orthogonal system in which the unitary vector along the z-axis is 
As in the one-dimensional case, there exist R > and 5 > such that for all measurable set 
ylcl 3 such that \A\ < 5, we have 

g(v)dv > -, 
A c nQ(o,R) z 

where Q(0, R) is the cube centered at the origin: 

Q(0, R) = {v G R 3 : |vj| < i?, i = 1, 2, 3}. 
Now, for p, G ]0, we define 



:= < f G R , u G Q(0,i2) and 3 fc G 
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Thanks to the choice of the coordinate system, we have 

K^Rfi = lv e R 3 , \vi\ < R, i = 1,2,3 and 3 k € Z, 
So, it is easy to see that 



and we can conclude as in the one-dimensional case. □ 

We are now in position to prove the main theorem of our paper, namely Theorem [2J The 
proof of this theorem relies on the following proposition: 

Proposition 10 

Let g be a nonnegative function satisfying 



g(v)dv = l, / g(v)vi<lv = 0, i = 1,2,3, / g(v) \v\ dv = 3. 
Let us suppose moreover that 

\m\ <K ie - K ^\ £eM 3 , 

where K\ > 1, K2 > and (p : [0, +00) — > [0, +00) satisfies lim£^ +00 f(t) = +00. Then, there 
exists i] > suc/i £/iai /or aZZ R > n, there exists K > (depending on R) such that 



2 



15(01 < 



e-^(lCI), |e|>i?. 



Proof: The proof of this proposition is only a slight modification of that of Proposition [7J 
We only point out the few differences. 

First, we explain how to find r\ > 0: we can fix K% E (0,^2) and let i] = ij(K^) be a 
positive constant such that ^(ICI) > K 2 -K 3 f° r every |£| > n; then of course for every 

R>v, 

Second, we observe that for all £ G M 3 it is possible to find 6 € M (depending on such 
that 

15(01 = 5(0 e ie = / ff(^) cos (t-v + 0) dv. 

JR 3 

So, we have 

1 - \g(0\ = 2 J g(v) sin 2 (^^) dv. 
Thanks to Lemma [9j there exists C p such that 

2 J g(v) sin 2 (^^) dz, > 2 C p , \i\> p. 
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Then, we can conclude as in the proof of Proposition [7J 



□ 



Proof of Theorem [2j As we did for Kac equation, for each of the Cauchy problems ([6]), we 
write the solution ipi under the form of a Wild's expansion. 

In order to prove the bound for the solution, it is enough to prove it for every term <p) 
in the sum. We define 

= (*lf I 2 . Kl < 

W(l«| 2 ), l{l>«0, 

where Rq will be chosen (large enough) later, and K is given by Proposition [101 Thanks to 
this proposition, the initial datum satisfies 



sup |/o(0l e 



H{\i\) 



< 1. 



We recall the identities ( |Des03j . page 56) 



Irhifissnf- 



For the first term (p^ we have: 



_l) /o(e + )e H(l€+l) /o(De^ lrl) A(4-n 



< 



.tf(|e|)-ff(|£|coB§)-/r(|£|8in§) 



3'A(cos0)sin0d0<ty>, 



where in the last integral, we have used the spherical coordinates with ||| as z-axis. Then, in 



order to establish 



< 1, we show that for Rq large enough, 



H(\Z\)- H 



£cos- 



H 



esin- 



<o, 9g(o,7t), £e 



We denote 9 = |. Thanks to the symmetries of the functions H (|£|) — H(\£ sin 9\) — H(\£ cos 9\) 
with respect to 9, we can restrict ourselves to the interval (0, § ). Now, the case |£| < Rq is 
the same as in Theorem [U If |£| > Rq and |£ sin#| > i?o, |£ cos^l > Ro, then 

F(|e|) - H(\£sm0\) - ff(|£cos<9|) = K{m?) - <A(|£sin0| 2 ) - V(l£cos6>| 2 ))- 

Thanks to the concavity property of tp and the fact that ^(0) = 0, we have ^(|£| 2 (sin #) 2 ) > 
(sin^del 2 ) and V(|e| 2 (cos0) 2 ) > (cos 6>) 2 ^(|<e| 2 ). Hence 



m\ 2 ) - m^9\ 2 ) - m™ S 9\ 2 ) < m\ 2 ) - (sm^iei 2 ) - (cos§) 2 mf 



0. 



Whenever |£| > Rq and |£sin#| < Rq, |£ cos9\ < Rq we have 

ff(iei) - ffciesinei) - ffdecos^i) = ^(vaei 2 ) - i£i 2 ((sm#) 2 + ( COS 9) 2 )) = K(m\ 2 ) - lei 2 ) 
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If we choose Ro large enough, thanks to the assumption that Y>(r) < r for r large enough, and 
since |£| > i?o, we can conclude 

^(ici 2 )-iei 2 <o. 

By using now the concavity property of tp and the fact that ip{r) < r, if now |£| > Rq and 
|£ sin#| < Rq, |£ cos 9\ > Rq we have 

- H(\Csm§\) - H(\^cose\) = K(^(|C| 2 ) - \C\ 2 (sm§) 2 - ^(|£cos0| 2 )) 

< K(m\ 2 ) - m\ 2 ) (sm6*) 2 - V(l£cos0| 2 )) 

< K^\ 2 )(l - (sinfl) 2 - (cosfl) 2 ) = 0. 



< 



We end the proof by first noticing that a simple induction shows the estimate 
1 when n > 1, and then we may pass to the limit when I — > +oo if necessary (that is, in the 
non cut-off case). □ 

Remark: We would like to point out that the assumption of concavity for the function ^(|£| 2 ) 
is not mandatory and that the argument exploited in the proof of Theorem [2] could work also 
in a more general framework. 

By analysing the proof, one can see that, instead of assuming that ip is concave, it is in 
fact enough to assume that for some Ro large enough, 

^(A 2 |£| 2 )>A 2 ^(|£| 2 ) 
when < A < 1, A |£| > Rq. This is true for example when if:(t) = ^ y/i \ log i | . 



4 Gevrey spaces 

In this section, we translate the propagation result obtained in the previous sections in terms 
of Gevrey regularity for the solutions of Boltzmann equation. Let us begin by recalling 
the classical definitions of Gevrey functions and a useful characterisation of these functions 
through their Fourier transform. For more information, the interested reader can consult for 
instance the book by Rodino [Rod93j, from where we have taken the following recalls. 

Let fi C M n be an open set and let v > 1 be a fixed real number. 
Definition 11 

The class G u {Vl) of Gevrey functions of order u in 0, is the set of functions f E C°°(Q) 
satisfying the following property: for every compact subset K of £1, there exists a positive 
constant C = C{K) such that for all I G N n and all x E K, 

\d l f{x)\ < C^ +1 (l\y. (15) 

Assumption (|15p can be replaced by other equivalent assumptions, for example 

\d l f(x)\<RcW(i\y, 
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where R and C are two positive constants independent of I and x G K. It is easy to recognize 
that = A(Q), the space of all analytic functions in $7, and that for v < r, one has 

G t/ (f2) C G T (f2). Moreover, it is interesting to underline the following inclusions: 

A(n) c P| G v (n), |J G"(n) c c°°(n), 

!/>l i/>l 

which are strict in both cases. We also recall that the Gevrey class G U {£1) is closed under 
differentiation. 

In what follows, we shall also need the following 

Definition 12 

Assume v > 1. We shall denote by Gq(Q) the vector space of all f G G u (0.) with compact 
support in f2. 

The exclusion of v = 1 in the previous definition is mandatory, because there are no analytic 
test functions other than the zero function. As for the other values v > 1, one could wonder 
whether such compact supported functions do exist. An example in M is the following: let 
r > 0, v > 1, d = and 

V* d t>o, 

t < 0. 



The function 



f(x) = cp(x + r)(p(x — r) 

is then in Gft(R) ( |Rod93] ). 

The result that we are going to use in order to relate our propagation result to Gevrey 
regularity is the following. 

Theorem 13 ( [Rod93] . Theorem 1.6.1 page 31) 

i) Let v > 1. If ip £ GqIW 1 ), then there exist positive constants C and e such that 

10(01 <Ce- £ l^, £eIR n . (16) 

ii) Let v > 1. If the Fourier transform of <p G 5'(M") satisfies (|16p . i/ien </? G G v (M n ). 

We can therefore deduce Corollary [3] concerning the regularity of the solutions of Boltzmann 
equation. 

Proof of Corollary [3j The result is straightforward from Theorem 1131 and Theorem [2j It is 
enough to notice that one can replace the uniform estimate 

sup |/(£,t)|e^l 2 <l, t>0, 
\£\<Ro 

sup |/(£,t)|eW <1, t>0, 
\Z\>Ro 

obtained in Theorem [21 by the following uniform estimate: 

sup|/(£,i)|e^l s <K X , t>0, 
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for K\ > 1 and if 2 > properly chosen. Letting now v = -, one immediately gets the result. 
This ends the proof. □ 

We end up this section by comparing the regularity result we have just obtained with 
the one obtained by Ukai in |Uka84j . In his work, he considered among others a Cauchy 
problem for the homogeneous Boltzmann equation for Maxwellian molecules both in the cut- 
off and non cut-off settings. He considered only initial data /o satisfying a strong regularity 
assumption: for a > 0, p > and v > 1 he supposed /o G "fa 01 where 

Y a>P = {9 ■ ll<?ll<w = E mU SU P e a(1+ ^ 2) V^)| < 00}. 

Comparing this space with the spaces in Definition ITTT one can deduce that initial data in 
Ukai setting are indeed in the Gevrey space G W (1R 3 ), but also decay very strongly at infinity 
together with all their derivatives. Ukai was able to prove by a fixed point argument that 
there exists a unique, local in time solution / belonging at every time to a functional space 
of the same kind as the initial datum but in which the indices change with t. More precisely, 
he proved that there exist T>0,/5>0,cr>0 such that 

\\f{;t)\\a-tf3,p-t*,» < 2||/o||cw, t G [0,T]. (17) 

Since initial data which belong to Gq(R 3 ) also belong to Ukai space, the question of comparing 
the two results is meaningful. Let us consider a nonnegative function /o G Gq(K 3 ). If we 
suppose moreover that fo satisfies assumptions ([8]) , then by Theorem [T] we know that there 
is a solution / G C 1 ([f^+cx^L^IR 3 )) which is unique by Toscani-Villani's result. Since 
Gq(1R 3 ) C 7q„ for all a > 0, we can deduce from Ukai result that for all a > there is a time 
T = T(a) > (possibily finite) such that this solution stays in the class (|17p for t G [0, T(a)] 
but this space is not uniform in time (in addition to the fact that for all a it is difficult to 
compare the life times T(a)). Our result says instead that the solution stays for t G [0, 00) 
in the same Gevrey class as its initial datum, without any information about the decay at 
infinity and moreover that all the estimates on the Gevrey seminorms are uniform in time. 
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